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Which is the simplest logical structure for which there is quantum nonlocality? We show that
there are only three bipartite Bell inequalities with quantum violation associated with the simplest
graph of relationships of exclusivity with a quantum-classical gap. These are the most elementary
logical Bell inequalities. We show that the quantum violation of some well-known Bell inequalities
is related to them. We test the three Bell inequalities with pairs of polarization-entangled photons
and report violations in good agreement with the quantum predictions. Unlike other experiments
testing noncontextuality inequalities with pentagonal exclusivity, the ones reported here are free of
the compatibility loophole.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Xa
I. INTRODUCTION
Contextual and nonlocal correlations, defined as those
that cannot be reproduced with noncontextual hidden
variable (NCHV) [1–3] and local hidden variable (LHV)
theories [4], are valuable resources for information pro-
cessing. In an attempt to identify potentially interesting
experimental setups, one usually investigates whether the
set of correlations in a given experimental scenario has
points outside the polytope of noncontextual or local cor-
relations [5, 6]. To characterize the boundaries of these
polytopes and, consequently, to find the interesting sce-
narios is, however, computationally hard [6].
To circumvent some of the difficulties, one can link
noncontextual (NC) inequalities to graph theory [7]. In
this approach, every NC inequality is expressed in terms
of a convex combination S of probabilities of events
a, b, . . . |x, y, . . ., denoting “compatible tests x, y, . . . gave
results a, b, . . ..” Each of these events can be represented
by a vertex of a graph G whose edges link exclusive
events (i.e., those which cannot be simultaneously true).
It has been shown [7] that the maximum value of S for
LHV and NCHV theories is given by the graph’s inde-
pendence number α(G) [8], while the maximum in quan-
tum mechanics (QM) is upper bounded by the graph’s
Lova´sz number ϑ(G) [9]. Therefore, NC inequality vio-
lated by QM can be associated with a graph G such that
α(G) < ϑ(G). Conversely, for any graph G such that
α(G) < ϑ(G), there is NC inequality for which the up-
per bound of S for any LHV and NCHV theory is α(G)
and the maximum in QM is exactly ϑ(G). This suggests
a fundamental role of the exclusivity structures in the
quantum advantage. This approach has been used to
identify tasks [10] and NC inequalities [11] for which QM
outperforms NCHV theories.
The graph approach to NC inequalities singles out the
pentagon C5 as the graph with the least number of ver-
tices, for which α(G) < ϑ(G) [7–9]. Its exclusivity struc-
ture was already discussed by Wright [12] in the 1970s.
Moreover, C5 is the graph behind a fundamental NC in-
equality for a single qutrit identified by Klyachko, Can,
Binicioglu, and Shumovski (KCBS) [13, 14], and tested
in experiments with sequential measurements [15, 16].
Local realism described by Bell inequalities can be re-
garded as a restricted form of NC, where compatibility
of measurements is replaced by a more stringent require-
ment of spatial separation. The extra restriction may
make linking graphs and Bell inequalities less straight-
forward than linking graphs and NC inequalities. An
interesting if not a fundamental question is thus to what
extent Bell inequalities can be described by graphs with
equal success as NC inequalities.
With this question in mind, in this article we find
that, even for Bell inequalities, the pentagon repre-
sents the simplest logical structure for which there is
a classical-quantum gap. Subsequently, we show that
there are three nonequivalent bipartite Bell inequali-
ties represented by the exclusivity structure of C5, and
we link these (pentagonal) inequalities to well-known
Bell inequalities, Clauser-Horne-Shimony-Holt (CHSH)
inequality [17] and I3322 [18–20], and to the KCBS in-
equality. We test the inequalities experimentally. Via
the link to the KCBS inequality, our experiments pro-
vide experimental proofs of the violation of pentagonal
NC inequalities free of the compatibility loophole [21].
Moreover, due to recent theoretical results [22, 23], our
link between pentagonal Bell inequalities and the CHSH
inequality provides particularly simple logical evidence
for the impossibility of the Popescu-Rohrlich (PR) non-
local boxes [24].
II. SCENARIO
Our first concern was the question of whether the pen-
tagonal structure C5 obeying the bipartite limitation pro-
duces a quantum-classical gap. To model this scenario,
the vertices of our pentagon represent events ab|xy as-
sociated with two distant parties: Alice testing x and
obtaining a, and Bob testing y and obtaining b. Due to
the separation between Alice and Bob, the edges of the
pentagon link ab|xy and a′b′|x′y′ if and only if x = x′
211|01 00|10
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FIG. 1: Events corresponding to the first (a), second (b), and
third (c) pentagonal Bell inequalities.
and a 6= a′ or y = y′ and b 6= b′. With P (ab|xy) denoting
the probability of ab|xy, one can associate the pentagon
with Bell inequalities of the following form:
∑
ab|xy∈C5
P (ab|xy) LHV≤ ΩLHV
QM
< ΩQM, (1)
where
LHV≤ ΩLHV indicates that ΩLHV is the supremum
for every LHV theory, and
QM
< ΩQM indicates that the
supremum in QM ΩQM is strictly larger.
By inspection (see Appendix A), we found that there
are three nonequivalent Bell inequalities associated with
a pentagon.
III. FIRST BELL INEQUALITY
One set of local events satisfying the constraints of the
pentagon is shown in Fig. 1(a). The corresponding Bell
inequality
P (00|00) + P (11|01) + P (10|11) + P (00|10)
+ P (11|00) LHV≤ 2 QM≤ 2.178
(2)
is a two-setting, two-outcome (both for Alice and Bob)
Bell inequality. Its local bound is ΩLHV = α(C5) =
2, and its quantum bound ΩQM ≈ 2.178 (see Ap-
pendix C) occurs for states locally equivalent to |ψ〉 =
0.6338|00〉+ 0.7735|11〉. The resulting optimal probabil-
ities are P (00|00) = |(c,−s) ⊗ (−s, c)|ψ〉|2, P (11|01) =
|(s, c)⊗(−C,−S)|ψ〉|2, P (10|11) = |(S,C)⊗(−S,C)|ψ〉|2,
P (00|10) = |(C,−S) ⊗ (−s, c)|ψ〉|2, and P (11|00) =
|(s, c) ⊗ (c, s)|ψ〉|2, respectively, with c = 0.7911, s =
0.6117, C = 0.2152, and S = 0.9766. Notice that the
inequality is maximally violated by nonmaximally entan-
gled sates.
IV. SECOND BELL INEQUALITY
Relaxation of the symmetry between Alice’s and Bob’s
actions in (2) allows one to substitute Alice’s measure-
ment in vertex 11|00 of Fig. 1(a) with the identity. The
substitution produces a set of events depicted in Fig. 1(b)
00|00
11|00
00|01
01|11 10|11
00|10
11|10 11|01
FIG. 2: Graph of the relationships of exclusivity between the
eight events in the inequality (5).
and a new Bell inequality
P (00|00) + P (11|01) + P (10|11) + P (00|10)
+ P ( 1| 0) LHV≤ 2 QM≤ 3 +
√
2
2
≈ 2.207,
(3)
where P ( 1| 0) denotes the probability of Bob obtaining
1 when measuring in setting 0 irrespectively of Alice’s
action.
In this case, the maximum quantum value is achieved
with maximally entangled states, e.g., with |φ+〉 =
1√
2
(|00〉+|11〉). The optimal probabilities are P (00|00) =
|(0, 1)⊗ (−s, c)|φ+〉|2, P (11|01) = |(1, 0)⊗ (−c, s)|φ+〉|2,
P (10|11) = |(1/√2, 1/√2)⊗ (s, c)|φ+〉|2, and P (00|10) =
|(−1/√2, 1/√2) ⊗ (−s, c)|φ+〉|2, with c = cos (pi
8
)
and
s = sin
(
pi
8
)
. In an ideal experiment, the first four prob-
abilities are c
2
2
≈ 0.427, while P ( 1| 0) = 1
2
.
V. THIRD BELL INEQUALITY
Without changing the maximum quantum violation,
one can substitute the optimal one-dimensional projec-
tion for the identity measurement in Fig. 1(b). This leads
to Fig. 1(c) and to the following three-setting (for Alice),
two-setting (for Bob), two-outcome Bell inequality:
P (00|00) + P (11|01) + P (10|11) + P (00|10)
+ P (11|20) LHV≤ 2 QM≤ 3 +
√
2
2
.
(4)
The optimal local tests leading to the maximum quantum
violation are the same as those of inequality (3), with
Alice’s additional measurement projecting on (c, s) and
producing P (11|20) = |(c, s)⊗ (c, s)|φ+〉|2.
Inequalities (2), (3), and (4) exhaust the list of the
Bell inequalities extractable from a pentagon. All three
inequalities are maximally violated on pairs of qubits (see
Appendix B).
3VI. CONNECTION TO OTHER BELL
INEQUALITIES
Probabilities P (ab|xy) can be related to the expecta-
tion values of dichotomic observables Ax and By with
possible results −1 and +1, as P (ab|xy) = 1
4
〈[1 +
(−1)aAx][1 + (−1)bBy]〉. This allows one to rewrite
inequality (3) as 3
2
+ 1
4
(〈A0B0〉 + 〈A0B1〉 + 〈A1B0〉 −
〈A1B1〉)
LHV≤ 2 QM≤ 3+
√
2
2
, which is a rescaled and shifted
CHSH inequality 〈A0B0〉+〈A0B1〉+〈A1B0〉−〈A1B1〉
LHV≤
2
QM≤ 2√2.
A direct link between inequality (3) and CHSH pro-
vides a particularly simple argument for the impossi-
bility of PR nonlocal boxes [24]. It has been recently
shown [22, 23] that the maximum bound in a pentago-
nal inequality satisfying the condition that the sum of
the probabilities of exclusive events does not exceed 1 is√
5. When applied to inequality (3), this translates into
〈A0B0〉+ 〈A0B1〉+ 〈A1B0〉− 〈A1B1〉 ≤ 4
√
5− 6 ≈ 2.944,
which is considerably lower than 4, which is the value
obtained with PR boxes.
The other two pentagonal Bell inequalities are not
tight inequalities. Nevertheless, inequalities (2) and (4)
are directly related to CHSH and I3322, respectively.
A sum of events in eight inequalities equivalent to (2)
is represented by the (1, 4)-circulant graph on eight ver-
tices, Ci8(1, 4), shown in Fig. 2. The resulting inequality
reads
∑
P (a, b|x, y) LHV≤ 3 QM≤ 2 +
√
2, (5)
where the sum is extended to all x, y ∈ {0, 1} and a, b ∈
{0, 1} such that a⊕b = xy, where ⊕ denotes sum modulo
2. Like for inequality (3), it is a simple exercise to show
that (5) is nothing else but the CHSH inequality written
in terms of a convex combination of probabilities. Thus
inequality (2) can be regarded as a primitive building
block in the CHSH inequality. An interesting fact is that,
while the quantum maximum for inequality (3) is strictly
below the Lova´sz number of C5, the quantum bound for
(5) is equal to the Lova´sz number of Ci8(1, 4).
Finally, inequality (4) is induced in the I3322 inequality,
a Bell inequality with three dichotomic tests for Alice and
for Bob, which can be written as
P (11|00) + P (11|01) + P (00|10) + P (10|11)
+ P (00|02) + P (00|20) + P (00|21) + P (10|22)
+ P ( 1| 2) + P (1 |2 ) LHV≤ 4.
(6)
This expression contains the five terms of the pentago-
nal Bell inequality (4), which again illustrates that I3322
contains logically simpler pentagonal inequalities.
VII. PENTAGONAL BELL INEQUALITIES VS
PENTAGONAL NC INEQUALITIES
Bell inequalities can be regarded as noncontextualilty
inequalities in which compatible tests are performed on
spatially separated subsystems. Specifically, this restric-
tion implies that in bipartite Bell experiments there are
three possible types of relationships of exclusivity be-
tween two events: (i) exclusivity between Alice’s events
only (e.g., between 00|00 and 11|01); (ii) exclusivity be-
tween Bob’s events only (e.g., between 00|00 and 11|10);
and (iii) exclusivity between Alice’s and Bob’s events
(e.g., between 00|00 and 11|00).
To encode this information, the edges of a graph rep-
resenting a bipartite Bell inequality must be of three dif-
ferent types. However, the Lova´sz number of a graph is
insensitive to this extra information. It is thus not sur-
prising that the Lova´sz number of the pentagon, ϑ(C5),
gives only a loose upper bound for the violations of the
pentagonal Bell inequalities (2), (3), and (4), while for
the KCBS inequality [13],
P (01|01) + P (01|12) + P (01|23) + P (01|34)
+ P (01|40) NCHV≤ 2 QM≤ ϑ(C5) =
√
5 ≈ 2.236.
(7)
The important point is that while
√
5 is physically acces-
sible [25], that is not the case if we replace compatibility
by spacelike separation. This shows that, from the point
of view of QM, the extra requirement of spacelike separa-
tion adds mathematical complexity to a problem which,
without this requirement, has a simple solution, since
the Lova´sz number of the graph can be calculated with
a semidefinite program.
It is an open question whether by introducing different
types of edges corresponding to relationships of exclusiv-
ity of types (i), (ii), and (iii), respectively, one can utilize
graph theory to design efficient algorithms for calcula-
tions of the tight bounds for Bell inequalities. This ap-
proach may be an alternative to the one based on solving
the hierarchy of semidefinite programs [26].
VIII. EXPERIMENTAL TESTS
To test the Bell inequalities experimentally, we used
pairs of photons entangled in polarization. The main ob-
jectives were to demonstrate that quantum nonlocality
can be observed directly via the elementary (pentago-
nal) inequalities and to provide tests of pentagonal NC
inequalities free of the compatibility loophole [21].
The experiment is shown in Fig. 3: Ultraviolet light
centered at a wavelength of 390 nm were focused inside
a 2-mm-thick β barium borate (BBO) nonlinear crystal,
to produce photon pairs emitted into two spatial modes
a and b through the second order degenerate emission of
type-II spontaneous parametric down-conversion. Half
wave plates (HWP) and two 1-mm-thick BBO crystals
4FIG. 3: Experimental setup for testing the three pentagonal
Bell inequalities.
TABLE I: Experimental results for the test of inequality (2).
Correlation Experimental Ideal
P (00|00) 0.4407 ± 0.0072 0.464
P (11|01) 0.4718 ± 0.0076 0.464
P (10|11) 0.3117 ± 0.0075 0.323
P (00|10) 0.4719 ± 0.0078 0.464
P (11|00) 0.4423 ± 0.0081 0.464
ΩQM 2.138 ± 0.017 2.178
were used for compensation of longitudinal and transver-
sal walk-offs. The emitted photons were coupled into 2
m single-mode optical fibers (SMF) and passed through
a narrow-bandwidth interference filters (F ) (∆λ = 1
nm) to secure well-defined spatial and spectral emission
modes. To observe |φ+〉 and |ψ〉, a HWP was placed after
the output fiber coupler in mode (a). The polarization
measurement was performed using HWPs and polariz-
ing beam splitters (PBS) followed by actively quenched
Si-avalanche photodiodes (Si-APD).
The measurement time for each pair of local tests was
100 s. The results for the Bell inequalities (2), (3), and
(4) are presented in Tables I, II, and III, respectively. The
column labeled “Ideal” in Tables I, II, and III contains
the theoretical predictions for the ideal case in which
the prepared state and the local tests are exactly those
needed to obtain the maximum in QM.
TABLE II: Experimental results for the test of inequality (3).
Correlation Experimental Ideal
P (00|00) 0.4215 ± 0.0075 0.427
P (11|01) 0.4313 ± 0.0067 0.427
P (10|11) 0.4307 ± 0.0077 0.427
P (00|10) 0.4228 ± 0.0070 0.427
P ( 1| 0) 0.5019 ± 0.0059 0.5
ΩQM 2.208 ± 0.016 2.207
TABLE III: Experimental results for the test of inequality
(4).
Correlation Experimental Ideal
P (00|00) 0.4215 ± 0.0075 0.427
P (11|01) 0.4313 ± 0.0067 0.427
P (10|11) 0.4307 ± 0.0077 0.427
P (00|10) 0.4228 ± 0.0070 0.427
P (11|20) 0.4999 ± 0.0079 0.5
ΩQM 2.206 ± 0.017 2.207
IX. CONCLUSIONS
We identified and experimentally tested the three bi-
partite Bell inequalities with relationships of exclusivity
between events given by a pentagon, the simplest graph
with a classical-quantum gap. Our inequality (3) is alge-
braically equivalent to CHSH inequality; the pentagonal
structures of inequalities (2) and (4) appear as building
blocks in a more traditional form of CHSH and in I3322,
respectively. Thus, the quantum violation of the latter
inequalities could be traced back to the quantum viola-
tion in their elementary logical components. Moreover,
by directly linking inequality (3) to CHSH we could pro-
vide a particularly simple argument for the impossibility
of PR nonlocal boxes.
The maximum quantum violation of a given graph of
the relationships of exclusivity is easily computable. The
same task for a Bell inequality is, on the other hand,
generally hard. We linked this apparent paradox to the
fact that the constraints imposed by a bipartite scenario
introduce three possible types of relationships of exclu-
sivity, which in turn would require a graph with three
different types of edges, thus adding computational com-
plexity to an otherwise simple problem.
The experimental tests of the three inequalities show
that quantum nonlocality can actually be observed
through the violation of any of these elementary logi-
cal Bell inequalities. In addition, our experiments show
how pentagonal NC inequalities can be violated without
the compatibility loophole [21] affecting previous experi-
ments carried out by performing sequential tests on the
same system [15, 16]. In our experiments, the spatial
separation between the first and the second test guaran-
tees perfect compatibility without further assumptions.
In this sense, our experiments can be considered tests
of pentagonal NC inequalities free of the compatibility
loophole.
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Appendix A: There are only three bipartite
pentagonal Bell inequalities
In a bipartite scenario, the relationships of exclusive
disjunction between events (represented by edges linking
vertices) can be due to two reasons: because Alice’s local
events are exclusive (in this case, we will call the corre-
sponding edge an A edge) or because Bob’s local events
are exclusive (B edge). For simplicity, we regard the case
in which both Alice’s and Bob’s local events are exclu-
sive as either A or B. Correspondingly, vertices are of
three types: AA, when the vertex has an A edge with
one neighbor and an A edge with the other neighbor,
AB, or BB. With this notation, there are four essen-
tially different edge patterns in a pentagon: those con-
taining four AB vertices (edge pattern BABAB), those
containing two AB vertices (edge patterns BBBAA and
BBBBA), and those containing five BB vertices (edge
pattern BBBBB).
It is easy to see that any edge pattern containing BBB
is not compatible with a pentagonal bipartite Bell in-
equality: If vertex v0 corresponds to Bob’s 0|0 and vertex
v1 corresponds to Bob’s 1|0 then, in order not to be ex-
clusive with vertex v0, vertex v2 may not be Bob’s 0|0 (it
may be, e.g., 0 or 2|0). This implies that vertex 3 must
exclude Bob’s 0|0. Vertices 0 and 3 are thus exclusive.
However, this is not allowed if the structure is a pen-
tagon. Consequently, BBABA is the only edge pattern
which may represent a pentagonal Bell inequality.
This pattern fixes the tests and results to those de-
picted in Fig. 4. There, Alice’s role in vertex BB is not
defined. Therefore, she may either do nothing, or per-
form a nontrivial measurement provided that its result
does not create any additional edge. Alice doing nothing
leads to Bell inequality (3), and Alice performing each
of two possible nontrivial measurements leads to Bell in-
equalities (2) and (4).
Appendix B: Two qubits are enough to reach the
maximum quantum violation
In an inequality, like our inequalities (2) and (3), con-
taining not more than two projectors for Alice, the Bell
operator can be written as follows:
S = P1 ⊗Q1 + P2 ⊗Q2 + 1 ⊗Q0, (B1)
where P1 and P2 are projections on subspaces of Alice,
1 is Alice’s identity, and Q1 and Q2 are, in principle,
arbitrary observables at Bob’s side. Thus one can write
P1 =
∑
i
|ei〉〈ei| and P2 =
∑
j
|fj〉〈fj |, (B2)
where |ei〉 and |fj〉 are (for now arbitrary) orthonormal
bases in the span of P1 and P2, respectively. Scalar prod-
ucts of the vectors in the two bases form matrix G with
elements Gij = 〈ei|fj〉.
Now, let the two unitaries U and V produce a singular
value decomposition of G, i.e., let
Dij =
∑
km
U †ikGkmVmj = λiδij . (B3)
The unitaries rotate the base vectors into |p1µ〉 =∑
j |ej〉Ujµ and |p2µ〉 =
∑
j |fj〉Vjµ, with the property
〈p1µ|p2ν〉 = λµδµν .
Due to the orthogonality of |p1µ〉 and |p2ν〉 for µ 6= ν,
the Bell operator splits into the following blocks along its
main diagonal:
Sµ = |p1µ〉〈p1µ| ⊗Q1 + |p2µ〉〈p2µ| ⊗Q2 + 1 µ ⊗Q0, (B4)
where 1 µ denotes the identity operator in a maximally
two-dimensional space spanned by |p1µ〉 and |p2µ〉.
Each block (B4) can now be rewritten in a form where
the projections of Q1 and Q2 are factored out. Then,
one can repeat the procedure exchanging the roles of
Alice and Bob. Then, the procedure produces a block-
diagonal form of the Bell operator with no more than two-
dimensional subspaces of Alice and of Bob in a block. Op-
timization of one such block yields the maximum eigen-
value of the Bell operator.
Appendix C: Optimal quantum violation of the
pentagonal inequalities
To optimize the quantum violation of the Bell inequal-
ity (2) we have taken into account that two qubits are
enough to reach the quantum maximum, assuming that
A0 and B0 are the Pauli matrix σz, and that A1 and B1
are linear combinations of σz and σx. Then, the resulting
Bell operator is a function of two real parameters. The
maximum violation of the inequality is simply given by
the largest eigenvalue of the Bell operator. The eigen-
value problem leads to a nontrivial equation of degree
6three whose maximal root has to be maximized. The
maximization does not lead to any result in a concise
analytic form. For this reason, in this case we have pre-
sented numerical results.
The maximum quantum violation of inequalities (3)
and (4) easily follows from the connection between in-
equality (3) and the CHSH inequality, and from the con-
nection between inequalities (3) and (4).
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